Linear Algebra Review (cont.)

Finishing the toolkit for the semester

CSCI 567 — Machine Learning e Discussion 02 e Sep 4, 2026



1. Linear algebra review, continued: norms, span/rank, determinant, matrix calculus
(carried over from Discussion 01), then the essentials of eigenvalues and PSD
matrices — just what Lecture 02's linear-regression analysis needs

Discussion 01 ran to time at the cyclic property of the trace — today’s linear algebra
picks up exactly there. The evaluation-metrics material moves to Discussion 04
(alongside the HW1 review); PyTorch/Colab setup is deferred to a dedicated
PyTorch/NumPy session later in the semester — the homeworks carry the hands-on
practice for now.
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1. Linear algebra review, continued



Norms: what makes something a valid “length”

A function f : R" — R is a norm if, for all x,y € R":

( Non-negativity: f(x) > 0 |
( Definiteness: f(x) = 0 < x = 0 |
( Homogeneity: f(tx) = [t|f(x) |
( Triangle inequality: f(x + y) < f(x) + f(y) |
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Examples of norms

0> (Euclidean): ||x|l, = /> ;x? = Vx'x

b fixll = 21l

oo HXHQJ = max; ||

l> and /1 return in Lecture 03 as ridge and lasso regularizers.
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The /, family, and the Frobenius norm

n 1/p
1[I, = (Z \Xf!") ,  p>1
=il

Matrix norm (Frobenius): ||All =

e = tr(ATA
ig ij
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Span, linear independence, rank

Span({x1,...,x,}) = {v : v =

>.;aixi, aj € R} — column span = column space

Linearly dependent: some x, is a com-

bination of the rest, x, = ) ., «aix;

Rank: largest number of linearly independent

columns (= rows); rank(A) < min(m,n)
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Rank and inverse: properties

rank(A) = rank(AT); for A € R™P B ¢
RP*™: rank(AB) < min(rankA, rankB)

A=l is the unique matrix with A~1A = [, =
AA~1L; exists iff Ais full rank (rank(A) = n)
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Determinant: geometric intuition

|A| is the (signed) volume of the parallelepiped spanned
by A's columns, S = {v : v = ) ;aja;, 0 < o < 1}

L jan an |
2 x2: |3 3| = anazn — azan.
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Determinant: the recursive formula

Let Ay;\; be A with row / and column j deleted (cofactor expansion along any row i,
or any column j):

n

Al =Y (1) ag Ayl (V)

j=1

n

Al =D (=1 a; Ayl (7))

i=1

Base case: |ai1| = a11 for a 1 x 1 matrix.
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Determinant: properties

[ Al = |AT], |AB| = |A||B]

———

[ |JAl = 0 <= Aissingular ]

non-singular: A7} = 1/|A]
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Exercises

Which identities are not correct (inverses exist, multiplications legal)?

(AB)"t =B 1A1
(I+A)1t=1-A
tr(AB) = tr(BA)
(AB)T = ATBT

o0 >

Also: for x € R”, what is rank(xx')?

(B and D are false in general; rank(xx") = 1 for x #0.)
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Matrix calculus

The tools Lecture 02 needs directly



The gradient

For f : R” — R (scalar output, vector input):

4 N\

af/axl
Vi f(x) = :
Of /0x,

Linearity carries over: V,(f 4+ g) = Vif + Vg, Vi(tf) = tVf.
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Gradient, Hessian, Jacobian

Hessian (f : R" — R): V2f(x) ¢
R™" entries 82f/8x,-8xj — symmetric

Jacobian (f : R"” — R™, vector out-
put): V,f(x) € R™<" row iis V,fi(x)"
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Gradient of a linear function, derived

00 = Bl = Zi b;x; for fixed b € R". Then

(9Xk an Z bi i =

V.b'x=5b

d(ax)

Same shape as single-variable calculus: =5
X

= a.
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Jacobian of a linear function, derived

f(x) = Ax for fixed A € R™", so fi(x) = a] x.
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Gradient of a quadratic function, step by step

f(x)=x"Ax = ZiJ Ajixix; for fixed A € R™".
Product rule on f(x) = g(x)"x with g(x) = ATx:

Vif(x) = Veg(x) " x + VoxTg(x) = (AN) Tx + TATx = (A+ AT)x

Vix Ax=(A+AT)x

Hessian: V2f(x) = A+ AT (symmetric A: simplifies to 2Ax and 2A).
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Exercises

f(x) = x"Ax + b"x for A€ R™" b€ R". What is V,f(x)?

(Sum rule on the two pieces already derived: (A+ AT )x + b.)

f(A) = xT Ax for fixed x € R". What is 9f /0A?

(f(A) = 32, xixAj, s0 Of JOA; = xix;: Vaf(A) = xx".)
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Why this toolkit, right now

Lecture 02 sets Vwﬁ(w) = 0 to solve linear regression in closed

form — exactly the gradient-of-quadratic-form rule just derived

every gradient descent algorithm this course builds com-
putes Vg(w) and moves against it: w < w — nVg(w)

X T X's positive semi-definiteness (next frames) and PCA'’s
eigendecomposition (Lecture 06) both build directly on today
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Eigenvalues

key idea: sometimes matrices behave sim-

ply along special directions — are there vec-
tors whose direction does not change under A?

A nonzero vector v is an eigenvector of a matrix A if
Av = Av.

In this case, A is the eigenvalue of v.

Theorem. Every real n X n matrix has exactly n
eigenvalues in C, counting multiplicity (i.e., repetitions)
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Symmetric matrices & quadratic forms

Symmetric matrices: from now, we will assume that matrices A are symmetric,
meaning A= AT,

[ their eigenvalues are all real ]

[ eigenvectors can be chosen orthogonal ]

A quadratic form is a function of the form
f(x) = x " Ax.

Appears in least squares, ridge regression, Gaussian likelihoods, etc.
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Positive semidefinite (PSD) matrices

a symmetric matrix A is pos-
itive semidefinite (PSD) if

x Ax >0 Vx

Intuition: Ax never “pushes against” the vector x.

Equivalent characterization: symmetric A
is PSD if and only if all eigenvalues are > 0
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PSD matrices: examples, and positive definiteness

Common examples of PSD matrices:

covariance matrices, Gram matrices
X T X, the Hessian of a convex loss, ...

a positive definite matrix A is symmetric with
x"Ax > 0Vx # 0 (equivalently, all eigenvalues > 0)
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Why this matters, this same week

Lecture 02's convexity check, on every loss in this course, is ex-
actly today's PSD test: V27A2(w) = 0 everywhere < R is convex

MSE'’s Hessian is X T X — a Gram matrix, always PSD,
exactly the example on this deck's PSD-examples slide

eigenvalues return in Lecture 06: PCA finds the eigenvec-
tors of a covariance matrix, ranked by their eigenvalues
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norms, rank/determinant, matrix calculus, and the PSD

test are exactly the tools Lecture 02's linear-regression
analysis leans on — X T X PSD is why MSE is con-
vex and its stationary point is the global minimum

eigenvalues return in Lecture 06 (PCA); the PSD
test returns whenever a convexity check does

hands-on NumPy/PyTorch practice lives in
the homeworks for now — a dedicated Py-
Torch/NumPy session comes later in the semester
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