
Overfitting, Bias-Variance,
and Regularization

How much should a model trust its training data?
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Outline

1. Bias: a model class that cannot represent the truth

2. Feature engineering: reducing bias by choosing the right map

3. Why not the highest-order polynomial? Overfitting and variance

4. The bias-variance decomposition: why the U-shape happens

5. Regularization I: Ridge (L2)

6. Regularization II: Lasso (L1) and the geometry of sparsity

7. A probabilistic view: MLE and MAP

8. Wrap-up: two loops closed
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1. Bias

No amount of data fixes a model that

cannot bend
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The demo: y = sin(2πx) + ε

õ

N = 15 points, x

uniform on [0, 1]

¢

fit degree

M ∈ {0, 1, 3, 9}
by least squares

f ⋆(x) = sin(2πx), ε ∼ N (0,Var[ε]), Var[ε] = 0.04.

Measure MSE on the 15 training points and on a large held-out test set from the same

distribution.
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A straight line on sine data: more data does not help
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M = 1, N = 15

0 0.2 0.4 0.6 0.8 1

x

M = 1, N = 100

M = 1 N = 15 N = 100 N = 100,000 noise floor

Test MSE 0.232 0.233 0.230 0.040

The line barely moves, and neither does its error: 6× the noise floor at 15 points, and still 6×
at a hundred thousand.
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Bias: the error a model class makes even with unlimited data

bias (informally, for now): the gap between the best function in the

model class and the truth f ⋆. Infinite data finds that best function

exactly — and it is still wrong, because nothing in the class bends

what does not fix it: more data, a better optimizer, a smaller

step size — these find the same best line faster or more precisely

what does: a richer model class — one that contains a function close to f ⋆

Section 4 makes this precise as Bias(x0)
2; first, the tool that enlarges the class without giving

up linear regression.
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2. Feature engineering

Reducing bias by choosing the right map
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Every model so far is linear in x: Section 1’s failure is built into the class

fw(x) = w⊤x

Linear in the parameters makes fitting easy — convexity, closed forms, gradient

descent, all from Lecture 02.

But it is a real restriction on what the model can express: Section 1’s straight line

could not fit sin(2πx) however the weights were chosen, and more data did not help.

To remove the bias we must change the class, not the sample — ideally without giving

up any of Lecture 02’s machinery.
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Feature engineering: apply a fixed map ϕ first, then fit linearly

Choose a map ϕ : Rd → Rd̃ before seeing the fit, apply it to every input, and fit a

linear model on top of ϕ(x) instead of x:

fw(x) = w⊤ϕ(x), w ∈ Rd̃

input

x

features

ϕ(x)

prediction

w⊤ϕ(x)

fixed map linear fit

still linear in w — same loss, same convexity, same closed

form and gradient descent as Lecture 02, with ϕ(x) play-

ing the role x used to play; but nonlinear in x, because ϕ is
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Feature maps worth knowing, and what they have in common

• Polynomial features in Rd : all monomials up to total degree M (e.g.

d = 2,M = 2: ϕ(x) = (1, x1, x2, x
2
1 , x1x2, x

2
2 ))

• Indicator/one-hot features for categorical inputs

• Interaction terms xixj for raw features suspected to interact

• Radial/distance features exp(−∥x− c∥2) centered at chosen points c

• Domain-specific transforms: log-scaling a skewed input, Fourier features for

periodic structure

ϕ is chosen before fitting, using domain knowledge about

what shape of nonlinearity might help — the fitting pro-

cedure afterward is unchanged plain linear regression
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When each map earns its place, I: categories, scales, and interactions

Situation Feature map Why a linear model needs it

Rent from a ZIP

code, or a flower’s

species

one-hot: ϕ(x) has one

indicator per category

categories have no numeric order; treating ZIP

90089 as “90089” would make it 1 unit from

90090. One weight per category lets each get

its own offset

Income, city

population, word

counts

log x inputs spanning several orders of magnitude;

w⊤ log x says each doubling of x adds a fixed

amount, which is how such effects usually

behave

Drug dose × body

weight; ad spend ×
holiday season

interaction xixj the effect of one input depends on another —

no weights on xi and xj alone can express

“dose matters more for lighter patients”; one

weight on xixj can

in every row the fitting step is unchanged least squares; the domain knowledge went into choosing ϕ.
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When each map earns its place, II: periodicity, locality, and curvature

Situation Feature map Why a linear model needs it

Hour of day, day of

year, wind direction

Fourier:
(
sin 2πt

24
, cos 2πt

24

)
as raw numbers 23:00 and 01:00 are 22

apart; on the circle they are neighbors, so a

linear model can treat them alike

House price vs.

location; sensor

reading vs. position

radial bumps

exp(−∥x− ck∥2) at
chosen centers ck

the effect is local: near downtown prices

jump, far away they don’t. Each bump

measures nearness to ck ; Lecture 04’s RBF

kernel puts a center at every training point

A response that

bends: yield vs.

temperature, our

sin(2πx) demo

polynomial: monomials up

to degree M

curvature and interactions at once; the price

is size, d̃ =
(
d+M
M

)
(d = 10, M = 3: 286

features), the wrap-up’s cost issue

The wrong map is a bias problem, not a variance one: no amount of data makes w⊤x fit a periodic

signal in raw hours.
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The family this lecture uses: powers of x , degree M as the complexity knob

Single input x ∈ R, ϕ(x) = (1, x , x2, . . . , xM) ∈ RM+1, so d̃ + 1 = M + 1

parameters:

fw(x) = w⊤ϕ(x) =
M∑
j=0

wjx
j

• M = 0: constant only. M = 1: a line only. Larger M : bends more.

• One integer, M , moves the model class from too rigid to too flexible —

exactly the knob needed to see underfitting and overfitting side by side.

• Same loss, same convexity, same closed form as Lecture 02 — only ϕ is new.
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The payoff: M = 3 on the same 15 points removes the bias
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y

M = 3, N = 15
M Train MSE Test MSE

1 0.298 0.232

3 0.016 0.065

four features, (1, x , x2, x3), and test

error drops from 0.232 to 0.065 —

within reach of the noise floor 0.04

So why not always pick the largest M we can afford?
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3. Why not the highest-order polynomial?

Overfitting, and variance as the other axis
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What each fit actually looks like
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M = 1 (underfit)
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M = 3 (good fit)

0 0.2 0.4 0.6 0.8 1

x

M = 9 (overfit)

dashed gray: true f ⋆(x) = sin(2πx) • solid: the fit • dots: the 15 training points. Real fits,

this lecture’s Colab notebook.
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Reading the fits: too rigid, about right, memorizing the noise

• M = 1: too rigid to bend through the curve at all — consistently wrong.

• M = 3: tracks sin(2πx) closely, ignores most of the noise.

• M = 9: has enough free parameters (10) to snake through every single noisy

point.

. M = 9’s curve does not look like

sin(2πx) between the training points — it

memorized 15 specific values, noise included

14 / 59



The numbers: train vs. test MSE

M Train MSE Test MSE ∥w∥2
0 0.529 0.537 0.0

1 0.298 0.232 2.0

3 0.016 0.065 53.5

9 0.007 4.477 1.27× 106

Noise floor: Var[ε] = 0.04 — the best any model could do, since ε is irreducible

randomness nothing can predict.
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Reading the table: underfit, good fit, overfit

M = 0, 1: underfitting. Train and test error both high — the class

is too rigid to represent f ⋆. No amount of extra data fixes this.

M = 3: a good fit. Train and test error both low,

close to each other, and close to the noise floor 0.04.

M = 9: overfitting. Lowest train error (0.007), but test

error 4.48 — over 100× the noise floor. The weight norm

1.27 × 106 is no coincidence: 15 points, 10 parameters, X⊤X

severely ill-conditioned (Lecture 02’s warning; fixed in Section 5).
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Complexity and data amount are separate knobs

Same M = 9 model class, more data:

N = 15 N = 100

Test MSE 4.48 0.043

overfitting is not intrinsic to a model class — it’s a property

of a model class relative to how much data it sees. No change

to M, just more data, and the same class generalizes fine
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Averaged over 200 resamples: test error is U-shaped in M

M Train MSE Test MSE

0 0.509 0.572

1 0.192 0.270

2 0.163 0.355

3 0.032 0.068

4 0.029 0.184

5 0.024 2.781

6 0.021 22.930

A single draw (previous slides) is illustrative

but noisy; this averages 200 independent

resamples at each degree.

0 1 2 3 4 5 6

10−1

100

101

polynomial degree M

M
S
E
(l
og

sc
al
e)

train MSE

test MSE

noise floor
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Train error falls monotonically; test error is U-shaped

train error: falls monotonically in M — more param-

eters can only fit the training sample at least as well

test error: U-shaped — falls while the model is

too rigid, bottoms near M = 3, explodes past it

variance (informally, for now): error from chasing the par-

ticular sample that was drawn — the mirror image of Sec-

tion 1’s bias. Bias did not shrink with more data; variance did

(M = 9: 4.48 → 0.043 from N = 15 to N = 100)

Next: make both terms precise, and see why the U-shape happens.
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4. The bias-variance decomposition

Why the U-shape happens: bias falls,

variance rises
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Setup: resample S , and the fitted model fS changes; f ⋆ never does

L

resample the

training set S

¢

the fitted model

fS changes

f ⋆: the fixed, unknown true function — it never changes.

fS : the model fit from one specific sample S — Lec-

ture 02’s w⋆ with the dependence on which sample we

drew made explicit; different every time we resample.
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The quantity to explain: expected squared error at a fixed test point

Fix a test point x0 with y0 = f ⋆(x0) + ε0, where ε0 is fresh label noise,

independent of S .

Error(x0) := ES,ε0

[
(y0 − fS(x0))

2
]

Averaged over both which training sample we happened to draw, and the test

point’s own noise.
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The bias-variance decomposition

Let f̄ (x0) := ES [fS(x0)] — the average prediction, over infinitely many resamples

of S .

Error(x0) = Var[ε]︸ ︷︷ ︸
noise

+
(
f ⋆(x0)− f̄ (x0)

)2︸ ︷︷ ︸
Bias(x0)2

+ES

[
(fS(x0)− f̄ (x0))

2
]︸ ︷︷ ︸

VarS [fS (x0)]

Three non-negative terms, exact sum — no leftover. Where does this come from?

22 / 59



Derivation, steps 1–2: split off the noise, then add and subtract f̄

Step 1: expand the square. (y0 − fS(x0))
2 =

(
f ⋆(x0) + ε0 − fS(x0)

)2
. ε0 is

independent of S (hence of fS) and mean zero, so its cross term with f ⋆(x0)− fS(x0)

vanishes in expectation, and E[ε20] = Var[ε]:

Error(x0) = Var[ε] + ES

[
(f ⋆(x0)− fS(x0))

2
]

Step 2: add and subtract the average prediction f̄ (x0) = ES [fS(x0)] inside the

remaining square:

f ⋆(x0)− fS(x0) =
[
f ⋆(x0)− f̄ (x0)

]
+
[
f̄ (x0)− fS(x0)

]
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Derivation, step 3: square it, and the cross term vanishes

Squaring and taking ES : the cross term vanishes because ES [f̄ (x0)− fS(x0)] = 0,

by definition of f̄ .

ES

[
(f ⋆(x0)− fS(x0))

2
]
= Bias(x0)

2 + VarS [fS(x0)]

Combined with Step 1: exactly the boxed decomposition. No leftover term.
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Reading the three terms: noise, bias, variance

; noise Var[ε]: irreducible. Even a model that knew f ⋆ ex-

actly would still miss by this much, on average. In the demo, the

well-fit M = 3 test MSE (0.068) couldn’t go much below 0.04.

◎ bias Bias(x0) = f ⋆(x0) − f̄ (x0): how far the aver-

age prediction (over resampled S) is from the truth. High

bias ⇒ the model class itself is too rigid — underfitting.

¶ variance VarS [fS(x0)]: how much the prediction swings de-

pending on which training sample was drawn. High variance

⇒ the model chases the specific noise it saw — overfitting.
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The tradeoff

model complexity −→

er
ro
r

bias2

variance

total error

schematic — shape only, not literal data.

The U-shape is Bias2 + Variance, traced over model complexity: bias falls, variance

rises, total is minimized where they cross.
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Verified against the demo: the decomposition is an identity

x0 = 0.3, N = 15, 3000 resamples:

M Bias2 Var Noise Total (direct sim.)

1 (underfit) 0.306 0.027 0.040 0.374 (0.367)

3 (good fit) 0.002 0.012 0.040 0.054 (0.053)

9 (overfit) 0.034 223.74 0.040 223.82 (223.90)

Decomposed sum matches direct simulation — an identity, not an approximation.
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Reading the verification: M = 1 is bias-dominated, M = 9 is variance-dominated

M = 1: bias-dominated (0.306 vs. vari-

ance’s 0.027) — consistently wrong about the

curve, regardless of which 15 points it saw

M = 9: variance catastrophic (223.74 vs. bias2’s 0.034)

— unbiased on average, but any one fit swings wildly
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The question Section 4 leaves: control variance without shrinking M

Section 4 explains why M = 9 overfits: catastrophic variance.

� shrinking M outright would fix variance but rein-

troduce bias (the M = 1 row) — is there a way to

control variance without shrinking the model class?

Everything in this section assumed the model class is fixed and its complexity stays

below the amount of data; the wrap-up returns to what feature engineering does to

that assumption.
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5. Regularization I: Ridge (L2)

Penalize complexity directly
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Ridge’s idea: penalize large weights instead of shrinking the model class

keep M large, but discourage the fit-

ting procedure from choosing large, wild

weights unless the data really demands them

This avoids shrinking the model class outright — which Section 4 already showed

reintroduces bias.
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Ridge’s objective: empirical risk plus an ℓ2 penalty

R̂λ(w) := R̂(w) +
λ

2
∥w∥22 =

1

2n

n∑
i=1

(w⊤xi − yi )
2 +

λ

2

∑
j

w2
j

λ > 0: regularization strength. λ = 0 recovers

plain ERM; larger λ trades training fit for smaller ∥w∥

Ridge regression is due to Hoerl and Kennard (1970).
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Ridge’s objective is still convex

R̂λ(w) is a sum of two convex quadratics:

• R̂(w) — Lecture 02’s Hessian-PSD argument.

• λ
2
∥w∥22 — Hessian λI ⪰ 0.

convex + convex = convex ⇒ every stationary point

is the global minimum ⇒ solve ∇R̂λ(w) = 0 directly
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Ridge’s closed form: the normal equations plus nλI

∇R̂λ(w) =
1

n
X⊤(Xw − y) + λw = 0 =⇒

(
X⊤X + nλI

)
w = X⊤y

w⋆
ridge =

(
X⊤X + nλI

)−1
X⊤y

Same shape as Lecture 02’s normal equations — one extra term, nλI .
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The problem this solves: X⊤X can have zero eigenvalues

Lecture 02 flagged: X⊤X can be singular (d +

1 > n) or near-singular (collinear features) —

plain least squares becomes unstable or undefined

Does adding nλI actually fix this? Let’s prove it, not just claim it.

Setup. X⊤X is symmetric PSD ⇒ it has an eigendecomposition

X⊤X =
∑
k

µk vkv
⊤
k , µk ≥ 0,

and some directions can have µk = 0 exactly — that is precisely what “singular”

means.
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Adding nλI shifts every eigenvalue by nλ

Since Ivk = vk , adding nλI leaves eigenvectors unchanged and shifts every

eigenvalue:

(
X⊤X + nλI

)
vk = (µk + nλ) vk
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Every eigenvalue becomes strictly positive, so the matrix is always invertible

µk (possibly 0)

+ nλ

µk + nλ > 0

For any λ > 0: every shifted eigenvalue is strictly positive.

X⊤X + nλI is therefore al-

ways invertible, regardless of X
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Numerical check

n = 5, d = 8 (d + 1 > n, singular by construction):

eigenvalues of X⊤X :

{0, 0, 0, 1.30, 2.86, 5.28, 8.20, 13.66}

with λ = 0.1 (nλ = 0.5):

{0.5, 0.5, 0.5, 1.80, 3.36, 5.78, 8.70, 14.16} — all positive
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The same penalty caps the separable-data weight blowup in logistic regression

the same λ
2 ∥w∥

2
2 term, added to logistic regression’s em-

pirical risk, caps separable data’s weight blowup (seen

earlier today, in Lecture 02’s classification half) — noth-

ing in the plain objective penalized ∥w∥ → ∞; this does

One fix, two warning signs closed.
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Effect on the demo: Ridge shrinks, but never exactly to zero

M = 9, N = 30, standardized features, λ from 10−4 to 10:

−4 −2 0

0

2

4

6

log10 λ

∥w
1
:9
∥ 2

λ = 10−4 λ = 10

∥w1:9∥2 6.59 0.07

coefficients shrink smoothly

— no individual coef-

ficient reaches exactly

zero, at any λ tested

For exact sparsity, we need a different

penalty.
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6. Regularization II: Lasso (L1)

Exact zeros from a different norm
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Lasso’s objective: convex, but not differentiable at zero, so no closed form

R̂λ(w) := R̂(w) + λ ∥w∥1 =
1

2n

n∑
i=1

(w⊤xi − yi )
2 + λ

∑
j

|wj |

Same idea, different norm. Tibshirani (1996).

convex (sum of convex |wj |’s) ⇒ every sta-

tionary point is still a global minimum

not differentiable at wj = 0 ⇒ no closed

form, plain GD does not apply — solved iter-

atively (proximal gradient, three slides ahead)

40 / 59



Constrained view: the smallest ellipse that touches the constraint region

standard convex-duality fact (not derived here): minimizing

R̂(w) + λ ∥w∥p gives the same minimizer as minimizing

R̂(w) subject to ∥w∥p ≤ t, for a corresponding t > 0

R̂(w) is a quadratic bowl in w ⇒ its level sets (constant training-error contours) are

ellipses centered at the unconstrained least-squares solution.

the constrained minimizer is the point where the smallest

such ellipse first touches the constraint region {∥w∥p ≤ t}

This constrained view makes the sparsity difference visible.
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Ridge’s ball is a circle, Lasso’s is a diamond: the tangent point lands on a corner

w1

w2

Ridge, ∥w∥2 ≤ t: the boundary is smooth

everywhere — an ellipse can be tangent at

any point, with roughly equal ease.

w1

w2

(t, 0)

Lasso, ∥w∥1 ≤ t: the tangent point lands at a

corner — and a corner of the diamond has

w2 = 0 exactly.
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Corners are where the ellipse lands first, and corners have exact zeros

• ℓ2 (smooth boundary): tangency at any point needs one exact ellipse orientation

— no point is special.

• ℓ1 (corners on the axes): a whole range of ellipse orientations is tangent right at a

corner.

corners are disproportionately likely to be

where the smallest ellipse first touches

a corner of the ℓ1 ball has one or more coordinates exactly zero

— this, not an approximation, is why Lasso zeros out weights

Ridge’s ball has no corners — it essentially never lands on an axis exactly.
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Solving Lasso, step 1: the 1-D subproblem in closed form (added Sep 17)

Plain GD fails at wj = 0, where |wj | has no derivative. The fix: a gradient step on R̂, then
handle the penalty exactly, one coordinate at a time:

min
w

1
2 (w − v)2 + τ |w | (v = that coordinate after the gradient step, τ > 0)

Three cases (Lecture 02’s subgradients at the kink):

• w > 0: w − v + τ = 0⇒ w = v − τ , valid iff v > τ

• w < 0: w − v − τ = 0⇒ w = v + τ , valid iff v < −τ
• w = 0: subgradients −v + τs, s ∈ [−1, 1], contain 0 iff

|v | ≤ τ

The cases partition R; strict convexity makes the minimizer

unique.

v

Sτ (v)

τ

−τ

soft-threshold: Sτ (v) = sign(v) max(|v | − τ, 0) — shrink

toward zero by τ , and snap to exactly zero once |v | ≤ τ
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Solving Lasso, step 2: proximal gradient descent (ISTA) (added Sep 17)

repeat: ; v ← w − η∇R̂(w) then wj ← Sηλ(vj) for every j

A gradient step on the smooth loss, then the previous slide’s exact minimizer with threshold ηλ

(step size times penalty weight): the “proximal” step. Converges for the same step sizes as GD

on R̂ alone. Known as ISTA (Daubechies, Defrise, De Mol, 2004).

Ridge, one GD step on the penalty:

wj ← (1 − ηλ)wj — multiplies

by a factor in (0, 1); a nonzero

weight never becomes exactly zero

Lasso, one proximal step:

wj ← Sηλ(vj) — subtracts

a constant ηλ and snaps to 0

once |vj | ≤ ηλ; zeros are exact

The diamond-vs-circle picture at the level of a single update: the corner is the flat piece of Sτ .

HW2 has you implement this.
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Effect on the demo: Lasso hits exactly zero, Ridge never does

Same M = 9, N = 30 setup, same λ grid:

−4 −2 0

0

2

4

6

8

log10 λ

∥w
1
:9
∥ 2

Ridge

Lasso

Lasso’s curve hits exactly 0 and stays there; Ridge’s keeps

falling but never touches it.

At λ = 0.0187:

Ridge Lasso

∥w1:9∥2 1.26 0.99

# exactly zero 0 / 9 6 / 9

at λ = 1.23: Lasso is fully

sparse (9/9 zero); Ridge

still nonzero everywhere
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Lasso as feature selection: the surviving coefficients name the useful inputs

Z

which coefficients survive at a given λ tells
you which inputs the model judged useful

Ridge shrinks everything a little. Lasso shrinks some things to exactly nothing.
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7. A probabilistic view: MLE and MAP

Regularization as a prior belief
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Recap: MLE view of least squares

Lecture 02 showed both our losses are negative log-likelihoods in disguise:

logistic loss under a Bernoulli model, squared error under Gaussian noise

yi = w⊤xi + εi , εi ∼ N (0,Var[ε]) — the same noise model this lecture’s

bias-variance decomposition builds on.

MLE under Gaussian noise
⇐⇒ least-squares ERM

Next question: what if we also have a prior belief about w itself?
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From MLE to MAP: add a Gaussian prior on w

maximum a posteriori (MAP): add a prior p(w), en-

coding a belief about w before seeing data, and maxi-

mize the posterior p(w | X , y) ∝ p(y | X ,w) p(w)

MLE is the special case of a flat (uninformative) prior.

w ∼ N (0, τ2w I ) — “small weights are more likely, a priori”

log p(w) = − 1

2τ 2w
∥w∥22 + const
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The negative log-posterior: a squared-error term plus an ℓ2 term

Maximize posterior ⇔ minimize negative log-likelihood + negative log-prior:

− log p(w | X , y) =
1

2Var[ε]

n∑
i=1

(yi −w⊤xi )
2 +

1

2τ 2w
∥w∥22 + const
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It matches Ridge’s objective when τ 2w = Var[ε]/(nλ)

Multiply through by Var[ε] (positive, doesn’t change the argmin) and compare

to Ridge’s nR̂λ(w): the two match term for term when

τ 2w =
Var[ε]

nλ

Ridge regression is exactly MAP estimation under a Gaussian prior on w.
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Worked check: λ sets the prior width

λ = 0.01, n = 15, Var[ε] =

0.04 =⇒ τ2w =
0.04

15× 0.01
≈ 0.267

Larger λ = tighter prior (smaller τ 2w ) = a stronger belief that weights should stay

near zero.

Regularization is a prior belief, en-
coded as if it were extra data.

Not an ad hoc trick — exactly MAP estimation under a natural, named prior.
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8. Wrap-up

One U-shape explained, two warning

signs repaired
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Method comparison

Method Penalty Closed form? Sparse? View

Plain ERM none yes — MLE

Ridge (L2) λ
2 ∥w∥

2
2 yes no MAP, Gaussian prior

Lasso (L1) λ ∥w∥1 no yes (Laplace prior)
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What we built, section by section

Section 1: bias — a class that cannot bend stays wrong with unlimited data

Section 2: feature engineering — a fixed ϕ enlarges the class and removes the bias

Section 3: too rich a class chases the sam-

ple — variance; test error is U-shaped in M

Section 4: the decomposition makes both ex-

act — bias falls, variance rises, noise is a floor

Sections 5–6: Ridge and Lasso control variance without shrinking the class

Section 7: regularization is exactly MAP estimation under a natural prior
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Both of Lecture 02’s warning signs, closed by the same penalty

ill-conditioning: Ridge’s eigenvalue-lifting

proof — X⊤X + nλI is always invertible

separable-data weight divergence: the same
λ
2 ∥w∥

2
2 term caps ∥w∥ in logistic regression too

One fix, both loops closed.
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Feature engineering makes Lecture 02’s d + 1 > n boundary a choice

Lecture 02: X⊤X is invertible only when n ≥ d + 1. Ridge (Section 5) assumed we were on

the right side of that line, just close to it.

with ϕ(x) ∈ Rd̃ in place of x, the feature-space design

matrix Φ (rows ϕ(xi )⊤) plays X ’s role — so compare n to

d̃ + 1, not d + 1, and d̃ is whatever we picked ϕ to produce

M = 9, N = 15:

d̃+1 = 10 < 15, underpa-

rameterized (today’s demo)

M = 20, same N = 15:

d̃+1 = 21 > 15, Φ⊤Φ

rank-deficient, on purpose

Same data. Our choice of ϕ decides which side of the line we are on — overparameterization

becomes a design choice, not an edge case.
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The catch: explicit features cost O(d̃), and the most useful maps are infinite

Forming ϕ(x) and computing w⊤ϕ(x) costs O(d̃) per input.

dozens

fine (today’s

polynomials)

millions

painful (all pairwise

interactions of a few

thousand raw features)

infinite

impossible: ϕ(x) cannot

be written down at all

Lecture 04 fixes this: kernels compute in feature space

without ever forming ϕ(x), even at d̃ = ∞ — and then run

the experiment this lecture’s theory says nothing about: what

test error does past the d̃ + 1 > n line (double descent)
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Next time

Lecture 04: Kernel Methods; Double Descent;
Implicit Regularization — computing with ϕ with-
out forming it, then crossing the d̃ + 1 > n
line and finding test error can fall a second time

HW1 (Lectures 02–03) due Mon 9/14, 11:59pm.
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